General bulk-edge correspondence

at positive temperature

Massimo Moscolari
Eberhard Karls Universitat Tibingen

Joint works with H. Cornean, B. Stettrup (Aalborg University) and S. Teufel (Tubingen)

Arxiv: 2107.13456 and 2201.08803

Quantum Hall Effect and Topological Phases @ Strasbourg
June 22, 2022

EBERHARD KARLS

UNIVERSITAT
TUBINGEN

Massimo Moscolari (Tibingen) General bulk-edge correspondence at 7' > 0



What is the bulk-edge correspondence?

Physically:

Integer Quantum Hall Effect.
Linear response theory in the
infinite volume limit gives oy € Z.
Analysis of “edge modes/currents”
at the boundary of the sample
gives og € Z

At zero temperature, with (mobility)

gap
oy =0g €7
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What is the bulk-edge correspondence?

Physically: Mathematically:

Itheger Quantum Hall Effect. Bulk system defined on L2(RR2).
Linear response theory in the

infinite volume limit gives oy € Z. Edge system defined by cutting the
Analysis of “edge modes/currents” bulk one and imposing Dirichlet

at the boundary of the sample boundary conditions.

gives og € Z

At zero temperature, with (mobility) Is there any mathematical
gap relation/correspondence between
og =0 €7 the two systems?
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What is the bulk-edge correspondence?

Physically: Mathematically:

In.teger Quantum Hall Effect. Bulk system defined on L2(R2).
Linear response theory in the

infinite volume limit gives oy € Z. Edge system defined by cutting the
Analysis of “edge modes/currents” bulk one and imposing Dirichlet

at the boundary of the sample boundary conditions.

givesop € Z

gap relation/correspondence between

the two systems?

At zero temperature, with (mobility) Is there any mathematical
oy =0g €7 J

Vast mathematical physics literature (2000-Today):
Kellendonk, Schulz-Baldes, Richter; Graf & collaborators(Elgart, Schenker,
Porta, Tauber, Shapiro); Prodan; Drouot; and many more...
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What is the bulk-edge correspondence?

Physically: Mathematically:

In.teger Quantum Hall Effect. Bulk system defined on L2(RR2).
Linear response theory in the

infinite volume limit gives oy € Z. Edge system defined by cutting the
Analysis of “edge modes/currents” bulk one and imposing Dirichlet

at the boundary of the sample boundary conditions.

gives og € Z

gap relation/correspondence between

the two systems?

At zero temperature, with (mobility) Is there any mathematical
oy =0g €7 J

Vast mathematical physics literature (2000-Today):
Kellendonk, Schulz-Baldes, Richter; Graf & collaborators(Elgart, Schenker,
Porta, Tauber, Shapiro); Prodan; Drouot; and many more...

All the results are for zero-temperature.
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What is the bulk-edge correspondence?

Physically: Mathematically:

Ir?teger Quantum Hall Effect. Bulk system defined on L2(R2).

Linear response theory in the

infinite volume limit gives o € Z. Edge system defined by cutting the

Analysis of “edge modes/currents” bulk one and imposing Dirichlet

at the boundary of the sample boundary conditions.

givesogp € Z

At zero temperature, with (mobility) Is there any mathematical

gap relation/correspondence between
og =0 €Z the two systems?

All the results are for zero-temperature.

Our goal: Prove bulk-edge correspondence (for transport coefficients) at any
temperature. J
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What is the bulk-edge correspondence?

Physically: Mathematically:

Ir?teger Quantum Hall Effect. Bulk system defined on L2(RR?).
Linear response theory in the

infinite volume limit gives oy € Z. Edge system defined by cutting the

Analysis of “edge modes/currents” bulk one and imposing Dirichlet

at the boundary of the sample boundary conditions.

gives og € Z

At zero temperature, with (mobility) Is there any mathematical

gap relation/correspondence between
og =0 €7 the two systems?

Our goal: Prove bulk-edge correspondence (for transport coefficients) at any
temperature. J

= Longer route than expected!
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Mathematical framework - The bulk-edge model

The bulk dynamics is described by a magnetic random Schroedinger operator
on L(R?):

Hyp==(—iV —A—bA? +V +V,

DN | =
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Mathematical framework - The bulk-edge model

The bulk dynamics is described by a magnetic random Schroedinger operator
on L?(R?):
Hyp = %(finAfbA)ZJerLVW
e Scalar potential V' and magnetic potential A are smooth and Z? periodic,
namely
Vix+v)=V(x), Ax+v)=AKx) ~ye€Z2.
* R>b:=—ePB and A is the magnetic potential in the Landau gauge
A= (—:1?2, O) .

e The disordered background is modelled by the usual Anderson potential
given by independent identically distributed random variables:

{wytheze =w € © = [11 , P= ®,u

)= Y wule—1) weCF®E?)
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Mathematical framework - The bulk-edge model

The bulk dynamics is described by a magnetic random Schroedinger operator
on L?(R?):

Hyp==(—iV —A—bA? +V +V,

DN | =

Let 7, , be a family of magnetic translations compatible with the Landau
gauge, and 7T'(v) the canonical action of Z? on © (T'(7)w = {wy—~ }yez2)

= Ty HopTo,—y = Hr(yywp, Vv €Z2.
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Mathematical framework - The bulk-edge model

The bulk dynamics is described by a magnetic random Schroedinger operator
on L?(R?):

Hyp==(—iV —A—bA? +V +V,

DN | =

Let 7, , be a family of magnetic translations compatible with the Landau
gauge, and 7T'(v) the canonical action of Z? on © (T'(7)w = {wy—~ }yez2)

= Ty HopTo,—y = Hr(yywp, Vv €Z2.

= (Hy)weo is ergodic with respect to the lattice 7>
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Mathematical framework - The bulk-edge model

The bulk dynamics is described by a magnetic random Schroedinger operator
on L?(R?):

Hyp==(—iV —A—bA? +V +V,

DN | =

Let 7, , be a family of magnetic translations compatible with the Landau
gauge, and 7T'(v) the canonical action of Z? on © (T'(7)w = {wy—~ }yez2)

= Tb"wa’bTm,»y = HT('y)w,b7 V’y (S ZQ .

= (Hy)weo is ergodic with respect to the lattice 7>

— No assumption on the spectrum of the model!
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Mathematical framework - The edge model

Consider the half-plane
FE = {(.’L’l,ZL’Q) S RQ‘ To > 0}

The edge dynamics is described by the Hamiltonian #”, living in L?(E)
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Mathematical framework - The edge model

Consider the half-plane
FE = {(.’L’l,ZL’Q) S RQ‘ To > 0}

The edge dynamics is described by the Hamiltonian #”, living in L?(E) —

H/;, is the natural choice given by the Dirichlet realization of H,, ; in F
— we cut the bulk system.
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Mathematical framework - The edge model

Consider the half-plane
FE = {(.’L’l,ZL’Q) S RQ‘ To > 0}

The edge dynamics is described by the Hamiltonian #”, living in L?(E) —

H/;, is the natural choice given by the Dirichlet realization of H,, ; in F
— we cut the bulk system.

(Hﬁb)wee is still ergodic with respect to the one-dimensional lattice generated
by the vector (1,0):

Tbv'YHEbTbv—’Y = HTE"(",/)w,b V’Y = (’)/1’ O) € ZQ :
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Mathematical framework - The edge model

i E
s Q:=1[0,1)?
¢ * -~ C . . —
! is the unit cell of the bulk Hamiltonian
L7 5 and yq is characteristic function of €.
° o ® °
b St :=[0,1] x [0, L]
® 4 x, characteristic function of Sy.
Q
_ Soo :=[0,1] x [0, 0]
Xoo Characteristic function of S..
[ J ® [ ] [ ]
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(Edge) Thermodynamic pressure

Let F, r(z) = —=T'In (1 + e~ (@=#/T) be the grandcanonical potential.
Remember that F, ;(z) = cz=7,77 is the Fermi-Dirac distribution

Bulk pressure

The bulk pressure is defined as the thermodynamic limit of the density of
grandcanonical potential

. 1
pur(b) = —E (Tr(xoF,,7(Hp))) = — Lh_r)réo Iz Tr(xa, Fpur(Hop)) forae w.

What about the edge?

Edge pressure

w .1
p,(lFT>(b) — _ lim P )(b) = — Lhrn I Tr (XLF/A,T(HE.Z))) for a.e. w.
g —00 ’

— These are the only two ingredients that we need!
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Bulk-edge correspondence at positive temperature

Theorem [H. Cornean, M.M., S.Teufel]

First, p,, r(-) and PS’LT'“)(-) are everywhere differentiable and, for a.e. w € ©:

(B) (Lw) _ap{hY) dp,.r
pFH®) = Jim P () = pur(®),  lim —5(p) = TL )

Moreover, let g € C([0, 1]) be any function such that g(0) = 1 and ¢(1) = 0.
Define xr(x) := xr(x)g(x2/L). Then independently of g we have:

d]ZilgT (b) = lim E(Tr {Xri[HS, X1] F}, +(HS)}). ()

L—oo
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Bulk-edge correspondence at positive temperature

Theorem [H. Cornean, M.M., S.Teufel]

First, p,, r(-) and PS’LT"’“‘)(-) are everywhere differentiable and, for a.e. w € ©:

(B) (Lw) _ap{hY) dp,.r
pFH®) = Jim P () = pur(®),  lim —5(p) = TL )

Moreover, let g € C([0, 1]) be any function such that g(0) = 1 and ¢(1) = 0.
Define xr(x) := xr(x)g(x2/L). Then independently of g we have:

d]ZilgT (b) = lim E(Tr {Xri[HS, X1] F}, +(HS)}). ()

L—oo

® (x) holds true at every temperature.
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Bulk-edge correspondence at positive temperature

Theorem [H. Cornean, M.M., S.Teufel]

First, p,, r(-) and PS’LT"’“‘)(-) are everywhere differentiable and, for a.e. w € ©:

(B) (Lw) _ap{hY) dp,.r
pFH®) = Jim P () = pur(®),  lim —5(p) = TL )

Moreover, let g € C([0, 1]) be any function such that g(0) = 1 and ¢(1) = 0.
Define xr(x) := xr(x)g(x2/L). Then independently of g we have:

d]ZilgT (b) = lim E(Tr {Xri[HS, X1] F}, +(HS)}). ()

L—oo

® (x) holds true at every temperature.
® (x) holds independently of the spectrum of H,, ;.
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Bulk-edge correspondence at positive temperature

Theorem [H. Cornean, M.M., S.Teufel]

First, p,, r(-) and PS’LT"’“‘)(-) are everywhere differentiable and, for a.e. w € ©:

(B) (Lw) _ap{hY) dp,.r
pFH®) = Jim P () = pur(®),  lim —5(p) = TL )

Moreover, let g € C([0, 1]) be any function such that g(0) = 1 and ¢(1) = 0.
Define xr(x) := xr(x)g(x2/L). Then independently of g we have:

d]ZilgT (b) = lim E(Tr {Xri[HS, X1] F}, +(HS)}). ()

L—oo

® (x) holds true at every temperature.
® (x) holds independently of the spectrum of H,, ;.
e Purely analytic proof.

Massimo Moscolari (Tibingen) General bulk-edge correspondence at 7' > 0



Bulk-edge correspondence at positive temperature

Theorem [H. Cornean, M.M., S.Teufel]

First, p,, r(-) and P;’LT'“)(-) are everywhere differentiable and, for a.e. w € ©:

(B) (Lw) _ap{hY) dp,.r
pEH0) = Jim P (0) = pur(®),  Jim T ) = PEL )

Moreover, let g € C([0, 1]) be any function such that g(0) = 1 and ¢(1) = 0.
Define xr(x) := xr(x)g(x2/L). Then independently of g we have:

d];lgT (b) = lim E(Tr {Xri[HS, X1] F}, +(HS)}). ()

L—oo

® (x) holds true at every temperature.

® (x) holds independently of the spectrum of H,, ;.
e Purely analytic proof.

e Stability w.r.t. boundary perturbations.
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Stability w.r.t. boundary perturbations

The main result

d ~ .
DT (4) = lim B (Tr {2 [H5, X2 Fl o (HE))).

L—oo

still hold true in the case where the edge Hamiltonian is perturbed by a
smooth potential W, supported in a finite strip near the edge.
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Stability w.r.t. boundary perturbations

The main result

dp,, ) .
—(b) = lim B (Tr {X0i [H5, X,] Fl 2 (H5)}). ()

still hold true in the case where the edge Hamiltonian is perturbed by a
smooth potential W, supported in a finite strip near the edge.

Scalar potential W, s.t. supp(W,,) C R x [0,d], d > 0.
a" =, 1w, densely defined on L?(E) with Dirichlet boundary

w,b

condition at z, = 0.
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Stability w.r.t. boundary perturbations

The main result

dp,, ) .
—(b) = lim B (Tr {X0i [H5, X,] Fl 2 (H5)}). ()

still hold true in the case where the edge Hamiltonian is perturbed by a
smooth potential W, supported in a finite strip near the edge.

Scalar potential W, s.t. supp(W,,) C R x [0,d], d > 0.
a" =, 1w, densely defined on L?(E) with Dirichlet boundary

w,b w

condition at z = 0.
Assume that (777}"),ce is still ergodic on the one-dimensional lattice

generated by (1,0).
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Stability w.r.t. boundary perturbations

The main result

dp,, ) .
—(b) = lim B (Tr {X0i [H5, X,] Fl 2 (H5)}). ()

still hold true in the case where the edge Hamiltonian is perturbed by a
smooth potential W, supported in a finite strip near the edge.

Scalar potential W, s.t. supp(W,,) C R x [0,d], d > 0.
a" =, 1w, densely defined on L?(E) with Dirichlet boundary

w,b w

condition at z = 0.
Assume that (777}"),ce is still ergodic on the one-dimensional lattice

generated by (1,0).

L—oo ©

lim E(Te(xci |HY, X0 | F'(HSY))) = lim E(Tr (Y01 [HE, X1] F/(HE)))
L—o0
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Stability w.r.t. boundary perturbations

The main result

Wat ) — s B (T {01 (15, 1) FLo (HE))). o

still hold true in the case where the edge Hamiltonian is perturbed by a
smooth potential W, supported in a finite strip near the edge.

Scalar potential W, s.t. supp(W,,) C R x [0,d], d > 0.
HEW — HE, W, densely defined on L2(£) with Dirichlet boundary

w,b w,b

condition at z» = 0.
Assume that (/""" ),ce is still ergodic on the one-dimensional lattice

generated by (1,0).

Jlim E(Te(Xyi [H Xl} FI(HS™) = lim E(Tr (%i [H5, X1] F'(H,{%)))J

= Stability w.r.t. boundary perturbations!
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Physical interpretation: the bulk side

Left-hand side (the bulk):

dp T
—e dP;) (b) = my,7(b)

is just the definition of the bulk magnetization.
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Physical interpretation: the bulk side

Left-hand side (the bulk):

dpu,T
T

(b) = my.,(b)
is just the definition of the bulk magnetization.

What about the right-hand side (the edge)?

lim E (Tr {Xi[HS, X1] F, r(HE)})

L—oo
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Physical interpretation: the bulk side

Left-hand side (the bulk):

dp T
—e dP;) (b) = my,7(b)

is just the definition of the bulk magnetization.

What about the right-hand side (the edge)?

lim E (Tr {Xi[HS, X1] F, r(HE)})

L—oo

F), 1 is the Fermi-Dirac distribution.
= limy o E <Tr {Xci [Hﬁ, Xl] E’L_T(Hﬁ)}) is the total edge current!
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Physical interpretation: the bulk side

Left-hand side (the bulk):

d
—e Pup, T

AT (b) =z (0)

is just the definition of the bulk magnetization.

What about the right-hand side (the edge)?

lim E (Tr {Xi[HS, X1] F, r(HE)})

L—oo
F), 1 is the Fermi-Dirac distribution.
= limy o E (Tr {Xci [Hﬁ), Xl] F,’,_T(H_ffb)}) is the total edge current!

(— the limit is required because i {H’%, Xl} FL,T(H-%) is not trace class at
positive temperature! )
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The edge side

i) = |

—

dIZZlE(l [Hlf.aXl] l/‘vT(Hf')) (171,!132;$1,:1)2)

General bulk-edge correspondence at 7' > 0

Massimo Moscolari (Tiibingen)



The edge side

1
le(xg) = / d(El E (1 [Hb’., Xl] F;IL,T(Hb,-)) (.’El, To, X1, {EQ)
0

1
3 (z2) ;:/ dz, E (i [H,f_7X1] LT(HE)) (21,2521, 22)
0

Theorem [M.M., B. Stattrup]

4 and j& are smooth functions in R x (0, +occ) and

gt (@2) — P (w2) = O(x3™°) @2 — +00
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The edge side

The total edge current is defined as
L

= LILH;O 0 (]F(‘T?) -1 _9($2/L))j13(:172)) dxg
L
= lim [ g(es/L)j{ (w2) das.
> Jo
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The edge side

L
lim [ g(xa/L)j{ (w2) das .

L—oo [o

IE(u,T,b) :
— We show that the value of IF is actually independent of the specific

cut-off function ¢ and of the specific potential at the boundary ! — ltis a
very robust quantity that lives near the edge!

1-9g(-/1)
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Physical interpretation |l

Therefore we get the bulk-edge correspondence in the form:

my,r(b) = —el (11, T,0).
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Physical interpretation |l

Therefore we get the bulk-edge correspondence in the form:
myr(b) = —elf (1. T,0).

Remarks:
e m, r(b) is known as the orbital magnetization (spinless electrons).
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Physical interpretation |l

Therefore we get the bulk-edge correspondence in the form:
myr(b) = —elf (1. T,0).

Remarks:
e m, r(b) is known as the orbital magnetization (spinless electrons).
e Classical system: orbital magnetization is always zero.
— Bohr—Van Leeuwen theorem.
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Physical interpretation |l

Therefore we get the bulk-edge correspondence in the form:
myr(b) = —elf (1. T,0).

Remarks:
e m, r(b) is known as the orbital magnetization (spinless electrons).
e Classical system: orbital magnetization is always zero.
— Bohr—Van Leeuwen theorem.
* m, r(b) # 0 is known as Landau diamagnetism.
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Physical interpretation |l

Therefore we get the bulk-edge correspondence in the form:
myr(b) = —ell (11, T,b).
Remarks:
e m, r(b) is known as the orbital magnetization (spinless electrons).
e Classical system: orbital magnetization is always zero.
— Bohr—Van Leeuwen theorem.
* m, r(b) # 0 is known as Landau diamagnetism.
Literature:
e Bulk side: Thorough analysis of the thermodynamic limit of the
magnetization. Landau, Angelescu-Bundaru-Nenciu,
Cornean-Briet-Savoie, Schulz-Baldes-Teufel, Teufel-Stiepan, etc...
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Physical interpretation |l

Therefore we get the bulk-edge correspondence in the form:
my,r(b) = —el (11, T,0).

Literature:

e Bulk side: Thorough analysis of the thermodynamic limit of the
magnetization. Landau, Angelescu-Bundaru-Nenciu,
Cornean-Briet-Savoie, Schulz-Baldes-Teufel, Teufel-Stiepan, etc...

e Connection with edge current: Macris-Martin-Pulé (CMP 1988), Kunz
(JSP 1994).

Both restricted to pure Landau operator and high temperature
(Maxwell-Boltzmann distribution).

— our proof is far more general and allow to use the physically relevant
Fermi-Dirac distribution (actually any Schwartz function!).

— What about the usual bulk-edge correspondence of transport coefficients
(O’H = O'E)?
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Zero-temperature limit and bulk-edge correspondence

At positive temperature the pressure is C2 in b and . (Briet-Savoie RMP12):
0uppr(b) = 1,7 (0) = E(Tr(xoF), 1 (Hub)))

where n, 7(b) is the particle density.
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Zero-temperature limit and bulk-edge correspondence

At positive temperature the pressure is C2 in b and . (Briet-Savoie RMP12):
0uppr(b) = 1,7 (0) = E(Tr(xoF), 1 (Hub)))

where n, 7(b) is the particle density.

= Oumy,r(b) = 0,0upp,1(b) = Opny, (D)

Assume that the almost sure spectrum X(by) of the bulk Hamiltonian H,, ;,,
by € R, has a gap that includes the interval [e_,e](3 u) withe_ < ey.

— 00(b) := X(b) N (—o0,e_), P, the spectral projection onto o (b).
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Zero-temperature limit and bulk-edge correspondence

At positive temperature the pressure is C2 in b and . (Briet-Savoie RMP12):
0uppr(b) = 1,7 (0) = E(Tr(xoF), 1 (Hub)))

where n, 7(b) is the particle density.

= Oumy,r(b) = 0,0upp,1(b) = Opny, (D)

Assume that the almost sure spectrum X(by) of the bulk Hamiltonian H,, ;,,
by € R, has a gap that includes the interval [e_,e](3 u) withe_ < ey.

— 00(b) := X(b) N (—o0,e_), P, the spectral projection onto o (b).

Streda formula [Cornean,Monaco, M.M. JEMS 21, ...]

21 0n,,0(bo) = Co := 20E( Tr (xP. o1 [[X1, Pyl [X2, Popol]) ) = o (€ Z)

Cy is the Chern character of the projection P,, 3, .
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Consider a "smooth characteristic function": Any smooth function 0 < f, <1
which equals 1 on (—oo,e_] and 0 on [e4,00) = fo(Hup) = Pob-
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Consider a "smooth characteristic function": Any smooth function 0 < f, <1
which equals 1 on (—oo,e_] and 0 on [e4,00) = fo(Hup) = Pob-

* Maxwell relation: d,,m,, 1 (b) = 0,,0pp,,7(b) = Opny, (D)
e Stfeda formula: 279,n,,0(bo) = or (i, 0,b)
e Our theorem : m,, v(b) = —el " (11, T, b)
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Consider a "smooth characteristic function": Any smooth function 0 < f, <1
which equals 1 on (—co,e_]and 0 on [ey,00) = fo(H,p) = Pop.

* Maxwell relation: 0,m,, 7(b) = 0,0, 17(b) = Opny, 1 ()

e Stfeda formula: 279,n,,0(bo) = o1 (12,0, b)

e Our theorem : m,, v(b) = —el ¥ (11, T,b)

Proposition [H. Cornean, M.M., S. Teufel]
There exist two constants C;, C, > 0 such that

|Oym,1(bo) — o (12, 0,b)] < Cy e~/
|0;LIE(/L7 T: b(]) - JE(M; 07 b)} < Cl 6_02/T~

Moreover, let x., denote the indicator function of the strip
S :=[0,1] x (0, 00), then, independently of the specific choice fj, we have:

s, G () = @ 0 B) = 12 (Tr {xool [H2,, X1] f(H,)}) = 08 (1, 0,b).

o’
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Consider a "smooth characteristic function": Any smooth function 0 < f, <1
which equals 1 on (—co,e_]and 0 on [ey,00) = fo(H,p) = Pop.

* Maxwell relation: 0,m,, 7(b) = 0,0, 17(b) = Opny,7 ()
e Stfeda formula: 279,n,,0(bo) = or (i, 0,b)
e Our theorem : m,, r(b) = —el” (11, T, b)
= We recover the usual bulk-edge correspondence at zero temperature!

o =B (Tr { xol [H_%],Xl] fHE DY) = op(= 0,17)

New approach to bulk-edge correspondence based on magnetic perturbation
theory

— Magnetic derivative of bulk/edge quantity.

Versatile approach suitable for the many-body setting

(Work in progress with J. Lampart, S. Teufel, T. Wessel)

Key ingredients: Stfeda formula + Zero-temperature Hall conductivity
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Consider a "smooth characteristic function": Any smooth function 0 < f, <1
which equals 1 on (—co,e_]and 0 on [ey,00) = fo(H,p) = Pop.

* Maxwell relation: 0,m,, 7(b) = 0,0, 17(b) = Opny, 1 ()
e Stfeda formula: 279,n,,0(bo) = o1 (12,0, b)
e Our theorem : m,, v(b) = —el ¥ (11, T,b)
= We recover the usual bulk-edge correspondence at zero temperature!
on = e (Tr {xoi [H,. X1] f(HE)}) = op(=0,17)

Key ingredients: Stfeda formula + Zero-temperature Hall conductivity

— Problems:

e Stfeda formula holds true only at zero temperature and with p in a
spectral gap.

® Linear response theory at positive temperature? (Aizenman-Graf 1996;
Cornean-Nenciu-Pedersen 2010 )
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Consider a "smooth characteristic function": Any smooth function 0 < f, <1
which equals 1 on (—oo,e_] and 0 on [e4,00) = fo(Hup) = Pob-

* Maxwell relation: d,,m,, 1 (b) = 0,,0pp,,7(b) = Opny, (D)

e Stfeda formula: 279,n,,0(bo) = or (i, 0,b)

e Our theorem : m,, v(b) = —el " (11, T, b)

= We recover the usual bulk-edge correspondence at zero temperature!
on = eE (Tr {xooi [HE,. X1] fO(HE)}) = op(= 0,17)

«,bo ,bo

Key ingredients: Stfeda formula + Zero-temperature Hall conductivity

— Starting point :
mur(b) = 171, T,b).
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Consider a "smooth characteristic function": Any smooth function 0 < f, <1
which equals 1 on (—oo,e_]Jand 0 on [ey,00) = fo(Huyp) = P

* Maxwell relation: d,,m,, 1 (b) = 0,,0pp,,7(b) = Opny, (D)

e Stfeda formula: 279,n,,0(bo) = or (i, 0,b)

e Our theorem : m,, v(b) = —el " (11, T, b)
= We recover the usual bulk-edge correspondence at zero temperature!

om =B (Tr {xoci [H, . X1] f(HE ) }) = op(= 0,IT)

«,bo ,bo

Key ingredients: Stfeda formula + Zero-temperature Hall conductivity

— Starting point :
mur(b) = 171, T,b).

= there might be states that contribute to the statistical derivative
(0uI(p, T, b)) but that do not contribute to transport!
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Heuristic physical picture

First emphasized by Haidu-Gummich '83, Cooper-Halperin-Ruzin '96, Stfeda

2006 -> Elgart-Graf-Schenker 2005

“For a quantum mechanical system in the presence of an applied magnetic

field, however, there may be nonzero circulating currents even in a situation of

thermodynamic equilibrium, as was noted above. We shall find it convenient

to break the currents into a “transport” part and a “magnetization” part...”
Cooper, Halperin, Ruzin. Phys. Rev. B 1996

Splitting the edge current density

5P(@) = oy (@) + jhi(x)
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Heuristic physical picture

First emphasized by Haidu-Gummich '83, Cooper-Halperin-Ruzin '96, Stfeda
2006 -> Elgart-Graf-Schenker 2005

Splitting the edge current density

3% (@) = jfag (@) + il (z)

my, 7 (D)

< ﬁTr((abHA(b))F;ivT(HA(b))>

= —ﬁ/{\dﬂ: o (Pl(b) F;T(HA(b)))(aL",:B)
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Heuristic physical picture

Splitting the edge current density

Splitting the magnetization

My, (b) = M (b) + my (b)
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Heuristic physical picture

Splitting the edge current density

Splitting the magnetization

My, (b) = M (b) + my (b)

jﬁag is a pure "magnetization current density", that is

GE (@) =V x mi (@),
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Heuristic physical picture

Splitting the edge current density

.7 ( ) .]mag( )+]tr( )

| A

Splitting the magnetization

My, (b) = M (b) + my(b)

j,’;iag is a pure "magnetization current density", that is
Imag(@) =V x m{T7 (@),

— Why this magnetization current influences only the edge?
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Heuristic physical picture

Splitting the edge current density

.7 ( ) .]mag( )+]tr( )

| A

Splitting the magnetization

My, (b) = M (b) + my(b)

ik 4, is @ pure "magnetization current density”, that is
inag () =V x my7? ().
— Why this magnetization current influences only the edge?
= Dy = ST A2, () = 75, duada(p(a)my?) = myre.

mag
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Heuristic physical picture

Splitting the edge current density

.7 ( ) .]mag( )+]tr( )

Splitting the magnetization

| A

My, (b) = M (b) + my(b)

j,’;iag is a pure "magnetization current density", that is

Gy (@) =V x mT ().

— Why this magnetization current influences only the edge?

= 1D, = [ duail, () = [% deads(p(z2)my) = m{rO.

o ]rLrLflf] + ]1{7 - m}(jf}"c)(b) + m(res)(b) _ mu,T(b)

In order to get the correct transport edge current we have to be able to split
either the current or the magnetization!
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Bulk-edge correspondence 7' > 0: Landau case

Setting:

Bulk Hamiltonian H;, = 1(—iV — bA)?

Spectrum given by infinitely degenerate eigenvalue {E,,;, = b(n + 3) |n € N}.
I1,, » spectral projection onto £, .

Integrated density of states associated to each Landau level:

TI‘(XAL Hn,b) b

= Tr(xoll,p) = o

Lh—{rgo 2
Hall conductivity for T > 0 (Evaluation of Kubo formula,
Cornean-Nenciu-Pedersen 2006, physics paper...):

7”#7T(b).

ou(p, T,b) = A
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Bulk-edge correspondence 7' > 0: Landau case

Setting:

Hy=L1(-iv - bA)

{E, ,,_b(n+ 1) In e N}. Ld.s.: Tr(xoll,p) = &
Hall conductivity for T > 0: o' (1, T, b) = Egu“’.

— The pressure is simply given by

P, (b ZFMT E,p) Tr(xollnp) = ZF;LT nb)
n=0
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Bulk-edge correspondence 7' > 0: Landau case

Setting:

Hy = 1(-iv - bA)
{Enb—b(n-ir )In € N} Lds.: Tr(xallnp) = o%.
Hall conductivity for 7' > 0: oy (11, T, b) = — =5 =

— The pressure is simply given by

P, (b ZF#T E,p) Tr(xollnp) = ZF;LT n.b)
n=0
dEn,b b P ,T(b)
= myr(b) = —Oppur(b) = ZF[L,T(En,b) TR
=:m i (b) + m[f%(b)
= dE,p b
= (9yn,,7(b) =)8um,, 7 (b) = ;FP’L’,T(EM,) 5 |Ton(T0)

— Extra term — the weighted sum of the angular momentum of each states in
the Landau levels!
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Bulk-edge correspondence 7' > 0: Landau case

d b
T !
CILC ZFMT nb nb2

is magnetic moment per unit area.
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Bulk-edge correspondence 7' > 0: Landau case

, > d b
r L /
m;cjﬂg(b) E ;F ,T(En,b)%En,bﬂ

is magnetic moment per unit area.

° % is the number of states per unit area.
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Bulk-edge correspondence 7' > 0: Landau case

d b
c’m"c F/ Eyp—
Z T n,b b 2T

is magnetic moment per unit area.

21 is the number of states per unit area.
F r(En ) is the statistical weight.
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Bulk-edge correspondence 7' > 0: Landau case

d b
('17"0 F/ Eyp—
Z T n,b b 2T

is magnetic moment per unit area.

° % is the number of states per unit area.
° F’;)T(En,b) is the statistical weight.

* What about £ E,, , = n?
— "HeIImann—Feynman theorem", {t¢,, ;m }mez 0.n.b. for RanIl,

<w” m> X X pd}n m> <¢n,ma L¢n,m> =n.
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Bulk-edge correspondence 7' > 0: Landau case

d b
('17"0 F/ Eyp—
Z T n,b b 2T

is magnetic moment per unit area.

° % is the number of states per unit area.
° F’;)T(En,b) is the statistical weight.

* What about £ E,, , = n?
— "HeIImann—Feynman theorem", {t¢,, ;m }mez 0.n.b. for RanIl,

<w” m> X X pd}n m> <¢n,ma L¢n,m> =n.

= m¢/7F(b) is the part of the magnetization given by the local circulation
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Bulk-edge correspondence 7' > 0: Landau case

d b
('17"0 F/ En e
Z T n,b b 2T

is magnetic moment per unit area.

= m¢/7(b) is the part of the magnetization given by the local circulation
= we have to subtract the associated edge current contribution:

mlcjgﬂc(b) = Imag (,U/, T, b)
Our formula (+)

= |mur(b) =T%(u,T,b)

my () = myr(b) = mgE(b) = 17 (10, T,0) = L7, 0 (1, T2 b) = 17 (10, ')
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Bulk-edge correspondence 7' > 0: Landau case

d b
('17"0 F/ Eyp—
Z T n,b b 2T

is magnetic moment per unit area.

= m¢/7(b) is the part of the magnetization given by the local circulation
= we have to subtract the associated edge current contribution:

mlcjgﬂc(b) = Imag (,U/, T, b)
Our formula (+)

= |mur(b) =T%(u,T,b)

my () = myr(b) = mgE(b) = 17 (10, T,0) = L7, 0 (1, T2 b) = 17 (10, ')

Bulk-edge correspondence at 7' > 0 [Cornean, M.M., Teufel]

Ty, T,b res
on (1, T,b) = === = 07 (b) = 8Ly (1, T, b) = o (1, T, )
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Isolated simple Bloch bands

What about the splitting of the magnetization in (more) general situations?
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Isolated simple Bloch bands

What about the splitting of the magnetization in (more) general situations?

Theorem [Schulz—Baldes-Teufel 12 ; Teufel-Stiepan 13]

In tight-binding model, with M simple isolated Bloch bands we have:

e (b Z / 7 (Fhr (Bi(0) BEL, 5o (k) + B r (B(R)QAS (R))

= mfﬁfﬁ(b) + mf%(b)

where REZ)Q is the Rammal-Wilkinson tensor and Qgg(k) is the Berry
curvature:

R{(K) = 5 (T (Bu(k)O1 Pu(k) (H (k) = Bi(k)) D2 P(K)) = (1 & 2)
QR = o T (Pu(k) [01 Pi(k), 0P (k))
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Isolated simple Bloch bands

What about the splitting of the magnetization in (more) general situations?

Theorem [Schulz—Baldes-Teufel 12 ; Teufel-Stiepan 13]

In tight-binding model, with M simple isolated Bloch bands we have:

(b Z > [, oy (Rl (B8 B2 1009 + Bur (B9 0)

= Mffch(b) + mff%(b)

Conjecture [See Bellissard-vanElst-Schulz—Baldes;Niu et al.;Resta et al.,]

O'H(H“a Ta b) = aum;?%(b)
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Isolated simple Bloch bands

What about the splitting of the magnetization in (more) general situations?

Theorem [Schulz—Baldes-Teufel 12 ; Teufel-Stiepan 13]

In tight-binding model, with A/ simple isolated Bloch bands we have:

(b Z > [, oy (Rl (B8 B2 1009 + Bur (B9 0)

= mfffTC(b) + mff%(b)

Conjecture [See Bellissard-vanElst-Schulz—Baldes;Niu et al.;Resta et al.,]

O'H(H“a Ta b) = aum;?%(b)

= the conjecture coupled with our formula (x) would imply bulk-edge
correspondence at 7' > 0.
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Sketch of the proof

Theorem [H. Cornean, M.M., S.Teufel]

First, p, r(-) and P,EfT'“)(-) are everywhere differentiable and, for a.e. w € ©:

(B) (Lw) _aphY dp,.r
pr(0) = lim P77 (b) = pur(®), lim —5—(0) = =3=(b)-

Moreover, let g € C([0, 1]) be any function such that g(0) = 1 and ¢(1) = 0.
Define xr(x) := xr(x)g(x2/L). Then independently of g we have:

dpu,T
db

(b) = Jlim B (Tr {Xpi[H.3, X1] Fj 7 (H.3)}).
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Mathematical framework - The bulk-edge model

i B
s Q:=1[0,1)?
[ [ ] [ ] [ ]
is the unit cell of the bulk Hamiltonian
L7 5 and yq is characteristic function of €.
° S °
b St :=[0,1] x [0, L]
® , 4 x, characteristic function of Sy.
Q
Soo :=[0,1] x [0, 0]
Xoo Characteristic function of S..
[ J ® [ ] [ ]
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Sketch of the proof

Step 0.: Trace class properties, regularities of integral kernels and vanishing
of equilibrium "current”, that is

E (Tr (xoilH.p, X;]F'(H.3))) =0, i€ {1,2}.
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Sketch of the proof

Step 0.: Trace class properties, regularities of integral kernels and vanishing
of equilibrium "current”, that is

E (Tr (xoilH. s, X;)F'(H.3;))) =0, i€ {1,2}.

— Main difficulty/novelty: F' does not have compact support (F' is a Scwhartz
function and the spectrum is only unbounded from below)!

— Main tool: Helffer-Sjéstrand formula

1 _
F(Hf/):—f/]R - dz1dz OF N (2)(HE —2)7Y, 2=z +iz,
x[-1,

™

Fy is an almost analytic extension of F', thatis: Let 0 < g(y) < 1 with
g € C°(R) such that g(y) = 1if |y| <1/2and g(y) = 0 if |y| > 1. Fix some
N > 2 and define

N
Fn(z1 +i22) := g(22) Z 19
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Sketch of the proof

Step 0.: Trace class properties, regularities of integral kernels and vanishing
of equilibrium "current”

Step 1. Edge pressure coincides in the limit with the bulk pressure :

. w .1
lim £ (0) = Jim T (o F(HL) = pur(b).

L—oo M
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Sketch of the proof

Step 0.: Trace class properties, regularities of integral kernels and vanishing
of equilibrium "current”

Step 1. Edge pressure coincides in the limit with the bulk pressure :
. (L,w) T 1 . E _
M P (b) = lim =T (xn F(HD)) = pu,r(b).

— Main tool: geometric perturbation theory:
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Sketch of the proof

Step 1. Edge pressure coincides in the limit with the bulk pressure :

im PE9 (1) = lim - Tr (- 7)) =
lim 7,7 () = Jim — Tr (xp F(HZ)) = pur().

L—oo

— Main tool: geometric perturbation theory:

L > 1; Strip near the edge: Z.(t) := {x € E|dist(x,0F) < t\@}, t>0.
0 < no,nr < 1, smooth functions and only depending on x5 such that
no(x) + nr(x) = 1 for every x € E, and satisfying

supp(no) C Er(2),

supp(nz) C E\ EL(1),

1050i]lo ~ L™, n>1, i€{0,L}.

Take 0 < 79,77 < 1 again only depending on z, such that they are a sort of
stretched version of 1y and n;, (no partition of unity in this case).
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Sketch of the proof

Step 1. Edge pressure coincides in the limit with the bulk pressure :
. (L) e L N
Lh_)n;o P;L«T (b) = Lh_{r;o 7 Tr (XLF(H,f’b)) = pu,r(b).
— Main tool: geometric perturbation theory:
L > 1; Strip near the edge: =, (t) := {x € E|dist(x,0F) < t\fL}, t>0.
0 < no,nr < 1, smooth functions and only depending on z, such that
no(x) +nr(x) = 1foreveryx € E

Take 0 < 79,1, < 1 again only depending on x5, such that they are a sort of
stretched version of 1y and 7z, (no partition of unity in this case).

~ — ~ —1
ULw(2) = (Hop — 2) " e+ 70 (HS, = 2) " no
Wiw(2) := (=2iViL - (—iV — A = bA) — (A7) (Hup — 2) ' nr
. . ~ -1
(=2iVijp - (—iV — A —bA) — (Am)) (Hﬁb — z) 7o-
The resolvent of the edge Hamiltonian obeys the identity:

(HE, —2) " = Uw(z) — (HE, = 2) 7 Wiu(2).
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Sketch of the proof

Step 2. The magnetic derivative of the edge pressure has a thermodynamic
limit:

fora.e. w € ©.

B0 o (i) _ dpr(®)
db ~db
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Sketch of the proof

Step 2. The magnetic derivative of the edge pressure has a thermodynamic
limit:

(L,w) (L,w)
AP () AP (p) dp,.r(b)
. w, T 1 w, T — pu,T
ngr;o — (b) = Lh_r}I;OE (db (b) —d fora.e. w € ©.

— Magnetic derivative and thermodynamic limit commute!
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Sketch of the proof

Step 2. The magnetic derivative of the edge pressure has a thermodynamic
limit:

lim (b) = lim E 0 i fora.e. w € O.

L—oo db L—oo

4B, () (dP,EfT’”(b) @) _ dpur(®)

— Magnetic derivative and thermodynamic limit commute!

— New mathematical tool: We extended gauge covariant magnetic
perturbation theory (Cornean-Nenciu '00) to operators defined on
domains with boundary.

Modified asymmetric phase ¢(x,y) := (y1 — 21)y2
(Poy, — €Ay (X))eiegp(x’w = el¥(xY) (Poy —eA1(x—y)).

. —1
— SE. (xy) =€t (HE — 2] (x;y) is an "almost inverse" for the

w,€,2

magnetically perturbed edge operator (HEHC — z):
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Sketch of the proof

Step 2. The magnetic derivative of the edge pressure has a thermodynamic
limit:

(L,w) (Lyw)
dP, 7" (b) (dPW(b)(b> _ dpur(d) fora.e. w € ©.

A g ()= im E db db

— Magnetic derivative and thermodynamic limit commute!

— New mathematical tool: We extended gauge covariant magnetic
perturbation theory (Cornean-Nenciu '00) to operators defined on
domains with boundary.

Modified asymmetric phase ¢(x,y) := (y1 — 21)y2
(Poy, — €Ay (x))eiegp(x’w = el¥(xY) (Poy —eA1(x—y)).

. —1
— SE. (xy) =€t (HE — 2] (x;y) is an "almost inverse" for the

w,€,2

magnetically perturbed edge operator (HEHC — z):

E E _ E
(Hw,b+5 - Z) Sw,e,z =1+ Tw,e,z
= Explicit resolvent expansion in € as ¢ — 0.
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Sketch of the proof

Step 2. The magnetic derivative of the edge pressure has a thermodynamic

limit:
dP(L‘*’)(b) dP(LW>(b) d b
. w, T T w, T _ pM’T( )
Lh_{réo — (b) = Lh—{I;oE — a0 (b) | = —a fora.e. w e O.

— Magnetic derivative and thermodynamic limit commute!

Step 3.The limit of the magnetic derivative of the edge pressure is an edge
current :

ngr;o—E </ drl/ drzg {1H X F'(HE )}(rl..rg..l,l,T2)>

— Exploit Step 2.
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Sketch of the proof

Step 2. The magnetic derivative of the edge pressure has a thermodynamic
limit:

fora.e. w € ©.

dP(L-,W>(b) dP(Lw>(b) d b
wT s wT _ P, ( )
—2———(b) = lim E — (b) —

— Magnetic derivative and thermodynamic limit commute!

Step 3.The limit of the magnetic derivative of the edge pressure is an edge
current :

lim & </01 da /OL dxs g (%) {i[H.]inXl]F/(Hﬁ)}(Il.,mz;:l?ul?z))

L—oo

— Exploit Step 2.

— Previous trace class estimates + vanishing of the equilibrium current allows
to prove that the limit is independent from g.
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Summary & open questions

Recap:
* Bulk-edge correspondence in the form m = 7 at every temperature.

Massimo Moscolari (Tibingen) General bulk-edge correspondence at 7' > 0



Summary & open questions

Recap:
* Bulk-edge correspondence in the form m = 7 at every temperature.
e Usual bulk-edge correspondence for i in a gap and limit \, 7" = 0.
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Summary & open questions

Recap:
* Bulk-edge correspondence in the form m = 7 at every temperature.
e Usual bulk-edge correspondence for i in a gap and limit \, 7" = 0.
¢ Bulk-edge correspondence for the Landau Hamiltonian at 7" > 0.
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Summary & open questions

Recap:
* Bulk-edge correspondence in the form m = 7 at every temperature.
e Usual bulk-edge correspondence for i in a gap and limit \, 7" = 0.
¢ Bulk-edge correspondence for the Landau Hamiltonian at 7" > 0.
Open questions:
* General splitting of the magnetization and bulk-edge correspondence.
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Summary & open questions

Recap:
* Bulk-edge correspondence in the form m = 7 at every temperature.
e Usual bulk-edge correspondence for i in a gap and limit \, 7" = 0.
¢ Bulk-edge correspondence for the Landau Hamiltonian at 7" > 0.
Open questions:
* General splitting of the magnetization and bulk-edge correspondence.

e What about higher order derivatives? Is there a bulk-edge
correspondence for the bulk magnetic susceptibility ?
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Summary & open questions

Recap:
* Bulk-edge correspondence in the form m = 7 at every temperature.
e Usual bulk-edge correspondence for i in a gap and limit \, 7" = 0.
¢ Bulk-edge correspondence for the Landau Hamiltonian at 7" > 0.
Open questions:
* General splitting of the magnetization and bulk-edge correspondence.

e What about higher order derivatives? Is there a bulk-edge
correspondence for the bulk magnetic susceptibility ?

e Limit to zero temperature in the mobility gap case (see

Elgart-Graf-Schenker '05)? Limit to zero temperature in the metallic
case?
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Summary & open questions

Recap:
* Bulk-edge correspondence in the form m = 7 at every temperature.
e Usual bulk-edge correspondence for i in a gap and limit \, 7" = 0.
¢ Bulk-edge correspondence for the Landau Hamiltonian at 7" > 0.
Open questions:
* General splitting of the magnetization and bulk-edge correspondence.

e What about higher order derivatives? Is there a bulk-edge
correspondence for the bulk magnetic susceptibility ?

e Limit to zero temperature in the mobility gap case (see
Elgart-Graf-Schenker '05)? Limit to zero temperature in the metallic
case?

e Extension to Dirac operators (Work in progress with H. Cornean and K.
Serensen).
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Summary & open questions

Recap:
* Bulk-edge correspondence in the form m = 7 at every temperature.
e Usual bulk-edge correspondence for i in a gap and limit \, 7" = 0.
¢ Bulk-edge correspondence for the Landau Hamiltonian at 7" > 0.
Open questions:
* General splitting of the magnetization and bulk-edge correspondence.

e What about higher order derivatives? Is there a bulk-edge
correspondence for the bulk magnetic susceptibility ?

e Limit to zero temperature in the mobility gap case (see
Elgart-Graf-Schenker '05)? Limit to zero temperature in the metallic
case?

e Extension to Dirac operators (Work in progress with H. Cornean and K.
Serensen).

e Interacting case? Work in progress with J. Lampart, S. Teufel, T. Wessel.
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Summary & open questions

Open questions:
® General splitting of the magnetization and bulk-edge correspondence.

® What about higher order derivatives? Is there a bulk-edge correspondence for the bulk
magnetic susceptibility ?

® Limit to zero temperature in the mobility gap case? Limit to zero temperature in the metallic
case?

® Extension to Dirac operators.
® Interacting case? Work in progress with J. Lampart, S. Teufel, T. Wessel.

Thank you for your attention!

Cornean H.D., M. M., Teufel, S.: General bulk-edge correspondence at positive temperature.
ArXiv: 2107.13456 (2021).

M.M, B. B. Stettrup: Regularity properties of bulk and edge current densities at positive
temperature . ArXiv: 2201.08803 (2022).
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Quantization of edge conductance at zero temperature

Let V, = 0 — The Hamiltonian H;, commutes with magnetic translation
(rationality condition on the magnetic field).

— the operator i [H/?, X,| F'(H) is Z-periodic in the x-direction up to a
Bloch-Floquet-Zak transform it is unitarily equivalent to f[@_aﬂ ] dky hE (ky),
where the fiber operator

1 1
hE(k‘l) = 5(—1(%1 - A (1‘1, x2)+b0x2+k1)2+§(—16w2 —Ag(xl, .232))2+V($1, .’1?2)
is densely defined in L?(S,,) with periodic boundary conditions on the lateral
lines z; € {0, 1} restricted to E, and with a Dirichlet boundary condition at the
bottom z, = 0.

The bulk operator H;,, can be written in similar manner, but its fiber i (k1) will

be defined in L2([0, 1] x R) with periodic boundary conditions on the infinite
lines z; € {0, 1}.
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Quantization of edge conductance at zero temperature

® h(ky) does not have spectrum inside the gap [e_, e4].

® (hP(k1) —2)7 — xoo(h(k1) — 2) "1 x oo is compact for any z with Im(z) # 0,
thus the spectral projection of h¥ (k) inside [e_, e ] is compact, hence
h¥ (k1) can only have finitely many discrete eigenvalues which can be
inside [e_, e ].

® These eigenvalues are the so-called edge states, corresponding to
eigenfunctions exponentially localized near the boundary z; = 0.
According to Rellich’s theorem, each edge state eigenvalue A\(k;) can be
analytically followed as a function of k; as long as its value belongs to
[e—,eq].
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Quantization of edge conductance at zero temperature

Lemma

Let N < oo be the total number of edge state eigenvalues which can enter the
interval [e_, e, ]. Without loss of generality we may assume that no such
eigenvalue starts or ends at e, i.e. A\, (£m) & {e_,e;}. Then:

— 27T {xool [HP, X1] F§(HP)} = Z/ dky F)(An(k1))N, (K1)

N
Z — Fo(An(m)},

and the right-hand side is an integer.
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